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Multi-agent systems are present in many real-world aerospace applications, such as fire-
fighting with unmanned aerial vehicles, making the development of autonomous agents that can
solve complex tasks an active area of research. We focus on systems where a set of self-interested
agents interact with each other and their environment in a manner that affects a desired social
outcome, such as minimizing the number of burned trees in the firefighting example. Given such
systems, our goal is to measure and understand how these behaviors might induce inefficiencies
in the social outcome—we specifically aim to do so in a manner that considers the context
within which these inefficiencies occur. Understanding this context could, for example, help a
system operator intervene when the system approaches a situation that is predicted to have
high inefficiency or help a system designer ensure such situations are unlikely to occur. We
address this problem by introducing a state-dependent price of anarchy (sPoA) metric that
can be used within a sequential decision-making problem formalized as a Markov game. We
then outline a computational approach for estimating this metric and understanding observed
trends from empirical experiments. We demonstrate our approach in a multi-agent unmanned
aerial vehicle firefighting task. Our empirical findings show that sPoA identifies non-trivial
trends in inefficiencies due to self-interested behaviors across different states, highlighting the
importance of considering state dependence in this problem.

I. Introduction
Design and analysis of multi-agent systems, which consist of multiple agents co-existing in a shared environment, is

a pivotal research direction for many real-world aerospace applications, such as air traffic management [1–3], urban
air mobility (UAM) [4, 5], unmanned aerial vehicle (UAV) collision avoidance [6, 7], UAV-based wildfire fighting
[8–10] and search and rescue [11, 12], and satellites [13–15]. Many of these systems include some system-level social
objective that we may wish the agents to optimize [16]. For example, we may hope for a team of UAVs to minimize the
total number of burnt trees in a wildfire fighting scenario or a set of autonomous vehicles to minimize total congestion
in a UAM system. However, the agents operating in these systems may act according to individual objectives that
differ from the overall social objective. Returning to the UAV firefighting example, as wildfires grow and cross into
areas under different jurisdictions, firefighting agents may have different areas of responsibility, which may result in
slight different (and potentially conflicting) objectives. Self-interested behaviors are also likely to occur in a UAM
system, where vehicles could aim to minimize their own travel time irrespective of the impact on overall congestion. It
is therefore important to be able to measure and understand the inefficiencies induced by self-interested behaviors, as
this understanding could improve our ability to design efficient and equitable multi-agent systems.
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Game theory is a common framework for modeling multi-agent systems and offers a well-known metric, the
coordination ratio [17], now known as price of anarchy (PoA), for measuring inefficiencies caused by self-interested
behavior. PoA is defined as the ratio between the worst efficiency of a Nash equilibrium and the optimal efficiency in a
game, where efficiency is computed with respect to a social objective function [18]. Since its introduction, PoA has
received great attention in the game theory community and has rich literature devoted to the concept. For example, [19]
models noncooperative satellite range scheduling problems using games, proposes an algorithm that tractably converges
to a solution in such games, and uses PoA to compare the outcome in different practical scenarios. [20] studies the space
debris removal problem by using PoA to compare a centralized solution approach to a decentralized approach with
self-interested agents. They show that decentralized decision-making can be significantly costly and thus recommend
minimizing the number of competing agents in this problem. [21] analyzes PoA for traffic networks where the social
objective is to route all traffic so as to achieve minimum latency (sum of all travel times) but users minimize personal
latency. Their findings can help design efficient networks.

However, most prior work on PoA has been restricted to single-stage static game settings [22], where players choose
their actions simultaneously, act only once, and the game effectively has just one state. This formulation is limited in its
ability to model many real-world aerospace systems, like UAV firefighting and UAM, as agents typically act sequentially
over time in a stochastically evolving environment. It is therefore of practical importance to consider extensions of
PoA that can account for sequential decision-making under uncertainty. Furthermore, the inefficiencies caused by
self-interested behaviors will likely depend on the state of the system. Thus, there is a need for state-dependent—i.e.,
context-aware—measurements of such inefficiencies. For example, being able to predict the inefficiency of particular
states could enable a system-level operator to intervene and drive the behaviors of self-interested agents to more desirable
ones when the system reaches a state predicted to have high inefficiency. More specifically, in the UAV firefighting
scenario, a state-level government agency could intervene and provide additional resources or take over management of
operations if it was predicted that locally managed operations for a given fire would result in highly inefficient outcomes.
Prior work [23], [24] deals with the presence of sequential decisions and uncertainties by extending PoA to a more
general class of games known as Markov games (MGs). However, these methods then calculate an expectation of the
social objective function over a state distribution defined by the MG—we refer to this approach as a state-aggregated one.
While this approach considers context through the state distribution used, it does not allow one to predict or understand
the relationship between specific states and the inefficiency of agents, and thus would not enable the state-dependent
intervention example discussed above.

A. Main Contributions
Our key idea to measure context-aware inefficiencies in multi-agent systems is to incorporate explicit state dependence

into PoA through the definition of a state-dependent PoA (sPoA). We then propose to leverage tools from multi-agent
reinforcement learning (MARL) to approximate this metric in complex environments involving sequential decision-
making under uncertainty. We demonstrate our method in a UAV firefighting case study and empirically show the
importance of incorporating explicit state dependence when assessing potential inefficiencies due to self-interested
agents. We also provide a set of heuristic metrics to help understand possible underlying reasons for the observed sPoA
trends in our case study.

B. Organization of the Paper
The remainder of our paper is organized as follows. Section II introduces our UAV firefighting case study. Section III

then presents relevant background concepts and terminology for our work. Section IV presents our proposed approach
for measuring the inefficiency of self-interested agents. Finally, Section V presents our experimental setup and results
and Section VI presents general conclusions.

II. UAV Firefighting: A Case Study
Over the past few years, there has been burgeoning interest in investigating the use of UAVs to enhance wildfire

management [25]. Within this broad effort, studies on the utilization of artificial intelligence to support active-fire
tasks, comprising of fire detection, monitoring, and control, form a growing body of work [26, 27]. Motivated by these
examples, we focus on a UAV firefighting case study in this paper. Prior work has proposed reinforcement learning (RL)
for path planning of multiple UAVs to monitor [28–31] and control [32] wildfires. These works design control methods
for a (fully) cooperative group of UAVs. We extend the ongoing investigation of autonomous UAVs for firefighting
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by considering how self-interested behaviors, which could arise among such a group of UAVs in practice, affect the
firefighting outcome.

Specifically, we consider a scenario where autonomous UAVs are deployed from different regions (e.g., different
townships) or agencies to help combat a wildfire by dropping fire retardant on burning trees. We define the social
objective to be minimizing the total number of burnt trees—this objective could represent, for example, the goal of the
state or national organization overseeing the overall region in which the fire is located. Despite this social objective,
it is possible that the UAVs deployed prioritize fire mitigation in different regions or areas of responsibility, such as
their own township or areas with certain topographic features. In the USA, inter-agency coordination is managed
through a hierarchical structure from national groups (like NMAC) down to federal, state, tribal, and local agencies [33].
Jurisdictional responsibility is primarily determined by the wildfire’s origin, though formal agreements, contracts, and
compacts also contribute to defining resource sharing, roles, and cost allocation [34]. Resource deployment prioritizes
either the closest unit or pre-identified areas of responsibility. While all agencies share the same goal of wildfire
suppression, coordination can face friction due to budget concerns, differing organizational missions, and overlapping
responsibilities [35]. Self-interested behaviors may also arise due to implicit biases present within the operators or
system designers who created the UAV decision policies, different operating procedures used by various townships, or
different equipage. A related study on wildfire management [36] finds evidence that “indicates that decisions made by
fire managers favor particular groups and materially affect outcomes for those groups,” based on data for fire spread in
the western United States. For example, they “find evidence that fire managers commit greater effort to combat the
spread of fires toward high-value homes as well as that they preferentially protect wealthier neighborhoods.”

Thus, we model self-interested UAVs in this scenario as those which preferentially protect specific regions, which we
call “selfish regions.” As mentioned in Section I, identifying states where these self-interested UAVs may produce high
inefficiencies could, for example, help a state-level government agency know when to intervene and provide additional
resources or take over management of operations. Such knowledge could also help one design a more efficient overall
system through policy or long-term resource allocation. We model the UAVs in our scenario as autonomous agents that
act according to a decision policy designed to maximize some reward function (e.g., one which associates a cost with
the number of burnt trees). We then model the problem of determining these decision policies as one of sequential
decision-making under uncertainty, due to the fact that wildfires spread in a highly uncertain manner and typically do so
over an extended period of time. Finally, we use MARL to optimize these decision policies, as it has recently shown
promising results for such problems [37–39]. The next section formally introduces key concepts for MARL and PoA.
Section V.A formalizes our UAV firefighting model within a MARL framework.

III. Preliminaries
This section introduces relevant technical background and concepts for our work. We denote by Δ(𝑋) the probability

simplex over set 𝑋 , i.e., the set of all possible distributions over the elements of set 𝑋 . Variables denoting joint quantities
(such as joint actions) are written in boldface.

A. Multi-Agent Reinforcement Learning
RL is a machine learning paradigm where an agent learns to accomplish its objective using data collected from

repeated interactions with the environment. The underlying stochastic process in (single-agent) RL is modeled as a
discrete-time MDP, formally defined as a tuple ⟨S,A, 𝑃, 𝑅, 𝑑0, 𝛾⟩, where S denotes the state space, A denotes the
action space of the agent, 𝑃(𝑠′ |𝑠, 𝑎) : S ×A ×S → [0, 1] denotes the probability of transitioning into state 𝑠′ when the
agent takes action 𝑎 in state 𝑠, 𝑅(𝑠, 𝑎, 𝑠′) : S ×A ×S → R denotes the reward received by the agent upon taking action
𝑎 in state 𝑠 and the environment transitioning to state 𝑠′, 𝑑0 (𝑠) : S → Δ(S) denotes the initial state distribution, and
𝛾 ∈ [0, 1) denotes the discount factor. At each time step 𝑡 ∈ {0, 1, 2, . . . }, the agent takes an action 𝑎𝑡 given the current
state 𝑠𝑡 , after which the environment transitions to state 𝑠𝑡+1 ∼ 𝑃(·|𝑠𝑡 , 𝑎𝑡 ) and the agent obtains a reward 𝑅(𝑠𝑡 , 𝑎𝑡 , 𝑠𝑡+1).
The agent can observe the state at every time step, i.e., the environment is fully observable.

The decision-making strategy of the agent is denoted by policy 𝜋(·|𝑠) : S → Δ(A). Given a policy 𝜋, the value
function 𝑉 𝜋 (𝑠) : S → R ··= E𝜋

[ ∑∞
𝑡=0 𝛾

𝑡𝑅(𝑠𝑡 , 𝑎𝑡 , 𝑠𝑡+1) |𝑠0 = 𝑠
]

denotes the expected discounted sum of rewards, or the
expected return, accrued by the agent when starting in state 𝑠 and having future transitions driven by actions sampled
from policy 𝜋. Policy evaluation refers to the problem of finding the value function of a given policy. The goal in RL is
to find the policy that has the maximum value at every state 𝑠 ∈ S among the set of possible policies. That is, we aim to
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find the optimal policy 𝜋∗ that satisfies,

𝜋∗ = arg max
𝜋∈Π

𝑉 𝜋 (𝑠), ∀𝑠 ∈ S, (1)

where Π is the set of all possible policies in the MDP. For more details, we refer the reader to [40].
To accommodate multiple agents in the MDP framework, the single-agent definition is augmented with the set

of agents and their action spaces and reward functions, both of which may differ for each agent. This framework is
formalized as a Markov game (MG). A multi-agent MDP (MMDP) captures the special case where all agents have a
shared reward function and receive the same reward at each time step. As our method uses MG and MMDP formulations,
we formally define both below.

1. Markov Game
An MG [41], G, is defined as a tuple ⟨N ,S, {A𝑖}𝑖∈N , 𝑃, {𝑅𝑖}𝑖∈N , 𝑑0, 𝛾⟩, where N = {1, . . . , 𝑁} denotes the set

of agents, S denotes the state space, A𝑖 denotes the action space of the 𝑖𝑡ℎ agent, 𝑃(𝑠′ |𝑠, a) : S × A × S → [0, 1]
denotes the probability of transitioning into state 𝑠′ when the agents take a joint action a ∈ A =

∏𝑁
𝑖=1A𝑖 in state 𝑠,

𝑅𝑖 (𝑠, a, 𝑠′) : S ×A × S → R denotes the reward received by the 𝑖𝑡ℎ agent upon the agents taking joint action a in state
𝑠 and the environment transitioning to state 𝑠′, 𝑑0 (𝑠) : S → Δ(S) denotes the initial state distribution, and 𝛾 ∈ [0, 1)
denotes the discount factor. At each time step 𝑡 ∈ {0, 1, 2, . . . }, each agent takes an action 𝑎𝑖 given the current state 𝑠𝑡 ,
after which the environment transitions to state 𝑠𝑡+1 ∼ 𝑃(·|𝑠𝑡 , a𝑡 ) and each agent obtains a reward 𝑅𝑖 (𝑠𝑡 , a𝑡 , 𝑠𝑡+1). Each
agent can observe the state at every time step.

The policy of agent 𝑖 is denoted by 𝜋𝑖 (·|𝑠) : S → Δ(A𝑖) and the resulting joint policy is denoted by 𝝅(·|𝑠) : S →
Δ(A) ··=

∏𝑁
𝑖=1 𝜋

𝑖 (𝑎𝑖 |𝑠). Given a joint policy 𝝅, the value function 𝑉𝝅
𝑖
(𝑠) : S → R ··= E𝝅

[ ∑∞
𝑡=0 𝛾

𝑡𝑅𝑖 (𝑠𝑡 , a𝑡 , 𝑠𝑡+1) |𝑠0 =

𝑠
]

denotes the expected return for agent 𝑖 when starting at state 𝑠. Naively, the goal for the agent 𝑖 is still to find a policy
𝜋𝑖,∗ that results in maximum value 𝑉𝝅

𝑖
, similar to the single-agent case. However, since the value function now also

depends on the policies of other agents, there may not be a set of agent policies that simultaneously maximizes the value
function of each agent. Depending on the assumptions made on agent behavior, a variety of optimality notions have
therefore been proposed. The most commonly used one is based on the concept of Nash equilibrium. A joint policy
𝝅𝑁𝐸 (·|𝑠) is a Nash equilibrium if, for every agent 𝑖, its current policy 𝜋𝑁𝐸,𝑖 maximizes 𝑉𝝅

𝑖
, given that the other agents’

policies are fixed. There exists a Nash equilibrium for every (finite) MG [42] and in general, there may exist multiple
Nash equilibria. For more details on MGs, we refer the reader to [43].

2. Multi-Agent Markov Decision Process
An MMDP is a special case of an MG where the agents have an identical reward function, i.e., 𝑅1 = . . . = 𝑅𝑁 . This

can be interpreted as a fully cooperative scenario where all the agents learn to act optimally with respect to a shared
objective. More formally, an MMDP [44],M, is defined as a tuple ⟨N ,S, {A𝑖}𝑖∈N , 𝑃, 𝑅, 𝑑0, 𝛾⟩, where the notation
carries over from the definition of an MG.

The (shared) goal for the agents in an MMDP is to find the optimal policies {𝜋𝑖,∗}𝑁
𝑖=1 such that the resulting joint

policy 𝝅∗ maximizes the value function 𝑉𝝅 , i.e.,

𝝅∗ = arg max
𝝅∈𝚷

𝑉𝝅 (𝑠), ∀𝑠 ∈ S, (2)

where 𝚷 is the set of possible joint policies in the MMDP and 𝑉𝝅 (𝑠) : S → R ··= E𝝅
[ ∑∞

𝑡=0 𝛾
𝑡𝑅(𝑠𝑡 , a𝑡 , 𝑠𝑡+1) |𝑠0 = 𝑠

]
.

3. Independent Proximal Policy Optimization
Policy gradient (PG) methods are a common approach for solving MARL problems [43]. A commonly used PG

algorithm is independent proximal policy optimization (IPPO) [45]. IPPO is a multi-agent variant of the popular
proximal policy optimization (PPO) algorithm [46]. IPPO extends PPO to the multi-agent setting by having each agent
learn a PPO policy that maximizes their individual reward, while treating the rest of the agents as part of the environment.
Despite the violation of the Markov property in such a scenario, IPPO has shown strong empirical results in many
multi-agent settings like the StarCraft Multi-Agent Challenge (SMAC) [47]. Next, we give a high-level overview of the
IPPO algorithm. Full details have been omitted, and we refer the interested reader to [43] for a detailed exposition.

Consider an MG G, a parameterized policy 𝜋𝑖
𝜃𝑖

for each agent 𝑖, and the joint set of policy parameters denoted by
𝜽 = {𝜃𝑖}𝑁𝑖=1. Most commonly, the policy 𝜋𝑖 is parametrized as a neural network, where the parameters 𝜃𝑖 represent
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the weights of the neural network. For agent 𝑖, an independent PG method aims to find the policy parameters, 𝜃𝑖 , that
maximize the objective function, 𝐽𝑖 (𝝅𝜃 ) = E𝑠∼𝑑0

[
𝑉𝝅
𝑖
(𝑠)

]
, via gradient ascent. The gradient of the objective, denoted by

∇𝜃𝑖 𝐽𝑖 (𝜋𝜃 ), can be computed by using the multi-agent policy gradient theorem [43]. A commonly used version of the
policy gradient is given by,

∇𝜃𝑖 𝐽𝑖 (𝝅𝜽) =
1

1 − 𝛾E(𝑠,a)∼𝑑
𝝅

[
∇𝜃𝑖 log 𝜋𝑖𝜃𝑖 (𝑎

𝑖 |𝑠)𝐴𝝅
𝑖 (𝑠, a)

]
, (3)

where 𝐴𝝅
𝑖
(𝑠, a) is the advantage function of agent 𝑖, which measures how much better it is to take action a in state 𝑠

compared to an action sampled from joint policy 𝝅, and 𝑑𝝅 is the state-action occupancy distribution of 𝝅. Finally, the
policy parameter update for agent 𝑖 at the 𝑘 𝑡ℎ iteration of gradient ascent is given by,

𝜃𝑖,𝑘 = 𝜃𝑖,𝑘−1 + 𝛼∇𝜃𝑖 𝐽𝑖 (𝝅𝜽), (4)

where 𝛼 is the learning rate. PPO (and thus, IPPO) uses a modified version of the objective function, 𝐽𝑖 (𝜃𝑖), to improve
training stability. The IPPO objective for policy optimization of agent 𝑖 is given by,

L𝑖 (𝜽) = E(𝑠,a)∼𝑑𝝅

[
min

(
𝜋𝑖
𝜃𝑖
(𝑎𝑖 | 𝑠)

𝜋𝑖
𝜃𝑖,𝑜𝑙𝑑
(𝑎𝑖 | 𝑠)

𝐴𝝅
𝑖 (𝑠, a), clip

(
𝜋𝑖
𝜃𝑖
(𝑎𝑖 | 𝑠)

𝜋𝑖
𝜃𝑖,𝑜𝑙𝑑
(𝑎𝑖 | 𝑠)

, 1 − 𝜖, 1 + 𝜖
)
𝐴𝝅
𝑖 (𝑠, a)

) ]
, (5)

where 𝜖 is the clipping parameter (typically ranging from 0.1 to 0.3), 𝜃𝑖,𝑜𝑙𝑑 are the policy parameters at the end of
previous iteration, and 𝐴𝝅

𝑖
(𝑠, a) is computed using generalized advantage estimation (GAE) [48].

B. Price of Anarchy
Consider a (single-stage) static game consisting of 𝑁 players with player 𝑖’s strategy given by 𝜋𝑖 ∈ Π𝑖 , where Π𝑖 is

the set of possible strategies for player 𝑖. Let 𝝅 = {𝜋1, . . . , 𝜋𝑁 } ∈ 𝚷 denote the joint strategy, where 𝚷 is the set of
possible joint strategies. The game assigns a utility 𝑅𝑖 : 𝚷 → R to player 𝑖 for a given joint strategy. Finally, the goal of
each player is to choose a strategy that maximizes their reward. Note that such a game is equivalent to an MG with time
horizon one and a singleton state space.

Let the efficiency of a joint strategy be measured by a social cost 𝐶 (𝝅) : 𝚷 → R (lower values are better) or a social
welfare 𝑊 (𝝅) : 𝚷 → R (higher values are better) function. Henceforth, we will refer to a social cost or welfare function
as the social objective function and only make the distinction clear where necessary. For a given social objective, [18]
defines PoA as the ratio of the efficiency of the worst Nash equilibrium to the efficiency of the optimal solution. That is,
the PoA of a game with respect to a social cost function 𝐶 is given by,

max𝝅𝑁𝐸 ∈𝚷𝑁𝐸 𝐶 (𝝅𝑁𝐸)
min𝝅∈𝚷 𝐶 (𝝅) ≥ 1, (6)

and the PoA of a game with respect to a social welfare function 𝑊 is given by,

max𝝅∈𝚷 𝑊 (𝝅)
min𝝅𝑁𝐸 ∈𝚷𝑁𝐸 𝑊 (𝝅𝑁𝐸) ≥ 1, (7)

where 𝚷𝑁𝐸 is the set of Nash equilibrium joint strategies.

IV. State-Dependent Price of Anarchy
In this section, we present our proposed methodology for context-aware measurement of the inefficiency of

self-interested agents. We first define our proposed metric, named sPoA (Section IV.A), and then present our approach
for approximating this metric (Section IV.B). Our overall process is summarized in Figure 1.

A. State-Dependent Price of Anarchy
Consider an MG, G = ⟨N ,S, {A𝑖}𝑖∈NG , 𝑃, {𝑅𝑖}𝑖∈NG , 𝑑0, 𝛾⟩. For a given (state-dependent) social objective

function, we define the sPoA of G at a state 𝑠 ∈ S as the ratio of the efficiency of the worst Nash equilibrium to the
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Fig. 1 High-level view of our proposed approach for understanding the inefficiency of self-interested agents.

optimal efficiency when starting from state 𝑠. That is, the sPoA of an MG with respect to a social welfare function
𝑊 (𝑠, 𝜋) : S ×𝚷 → R is given by the function,

𝑠𝑃𝑜𝐴(𝑠) : S → [1,∞) ··=
max𝝅∈𝚷 𝑊 (𝑠, 𝝅)

min𝝅𝑁𝐸 ∈𝚷𝑁𝐸 𝑊 (𝑠, 𝝅𝑁𝐸) , (8)

and sPoA of an MG with respect to a social cost function 𝐶 (𝑠, 𝜋) : S ×𝚷 → R is given by the function,

𝑠𝑃𝑜𝐴(𝑠) : S → [1,∞) ··=
max𝝅𝑁𝐸 ∈𝚷𝑁𝐸 𝐶 (𝑠, 𝝅𝑁𝐸)

min𝝅∈𝚷 𝐶 (𝑠, 𝝅) , (9)

where 𝚷𝑁𝐸 is the set of Nash equilibrium joint policies and 𝚷 is the set of all joint policies in G. For an MG, the sPoA
function is fully determined by the choice of the social objective function.

Choosing a social objective function can be non-trivial for many multi-agent systems since it must capture the
desired system-level outcomes and avoid misspecification to serve as a reliable measure of efficiency. There is no
general set of criteria that can guide this choice. While the social objective can be any function, in the absence of a clear
candidate, the classic choice is to write it in terms of player utilities or in an MG, value functions with respect to agent
rewards. Note that utilities are replaced by value functions instead of agent rewards to account for the extended time
horizon in MGs. Two classic social objectives are sum social welfare and max-min social welfare. In an MG, these
objectives would be given by

∑
𝑖∈N 𝑉𝝅

𝑖
(𝑠) and min𝑖∈N 𝑉𝝅

𝑖
(𝑠), respectively. These objectives effectively measure social

outcomes in terms of agent rewards. However, this approach is limiting because the best possible social outcome when a
set of 𝑁-agents interact does not need to be defined by agent rewards. For example, consider a traffic network where
each agent’s objective is to minimize personal travel time. If the social objective is to minimize the total number of
accidents, there is no clear way to express such an objective as a function of agent rewards.

Instead, we consider an arbitrary social reward function, 𝑅𝑠 , that captures desired social preferences and allows for
the definition of a more generalized class of social objectives. Given that social reward, we define the social objective
function as the value function, 𝑉𝝅

𝑅𝑠
, for a joint policy 𝝅 with respect to 𝑅𝑠 . Then the optimal efficiency for MG agents is

max𝝅∈𝚷 𝑉𝝅
𝑅𝑠

, which is attained when the joint policy is chosen to optimize 𝑅𝑠. This policy is precisely the optimal
joint policy of the MMDP generated from the MG G with 𝑅𝑖 = 𝑅𝑠 for all agents 𝑖 ∈ N ; that is, it is the optimal joint
policy for MMDPM = ⟨N ,S, {A𝑖}𝑖∈NM , 𝑃, 𝑅𝑠 , 𝑑0, 𝛾⟩. Thus, for a given non-negative social reward, sPoA of an MG
is given by,

𝑠𝑃𝑜𝐴(𝑠) =
max𝝅∈𝚷 𝑉𝝅

𝑅𝑠
(𝑠)

min𝝅𝑁𝐸 ∈𝚷𝑁𝐸 𝑉𝝅𝑁𝐸

𝑅𝑠
(𝑠)

, (10)

and for a non-positive social reward, sPoA of an MG is given by,

𝑠𝑃𝑜𝐴(𝑠) =
min𝝅𝑁𝐸 ∈𝚷𝑁𝐸 𝑉𝝅𝑁𝐸

𝑅𝑠
(𝑠)

max𝝅∈𝚷 𝑉𝝅
𝑅𝑠
(𝑠) . (11)

As in the case of the classical PoA metric, higher sPoA values indicate more inefficiency (with respect to the social
reward function) due to self-interested behaviors in a multi-agent system.
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B. Approximating the State-Dependent Price of Anarchy using MARL

1. Training Agents
Our sPoA formulation (Equations (10) and (11)) requires estimation of the efficiency of the worst Nash equilibrium

for the considered MG, min𝝅𝑁𝐸 ∈𝚷𝑁𝐸 𝑉𝝅𝑁𝐸

𝑅𝑠
(𝑠), and the optimal efficiency for the considered MMDP, max𝝅∈𝚷 𝑉𝝅

𝑅𝑠
(𝑠).

To estimate these efficiencies, we first need to obtain a joint policy representing the worst Nash equilibrium in the
MG G and an optimal joint policy for the MMDPM. We use MARL to approximate these policies. Despite a lack
of convergence guarantees, modern MARL algorithms have been empirically shown to often converge to some Nash
equilibrium. For example, [49] empirically observes that IPPO shows convergence patterns to either a Nash equilibrium
joint policy or a mixed equilibrium policy (where individual agent policies belong to different Nash equilibria, albeit
the resulting joint policy is not necessarily an equilibrium). IPPO has also demonstrated empirical success in MMDP
settings [45]. We therefore use IPPO to train agents for the MG setting, where we assume that the algorithm converges
to a Nash equilibrium joint policy 𝝅𝑁𝐸 , and the MMDP setting, where we assume that the algorithm converges to
an optimal joint policy 𝝅∗. As discussed in Section IV.B.2, we will then use 𝝅𝑁𝐸 and 𝝅∗ to approximate sPoA for a
non-negative social reward as,

𝑠𝑃𝑜𝐴(𝑠) ≈
𝑉𝝅∗

𝑅𝑠
(𝑠)

𝑉𝝅𝑁𝐸

𝑅𝑠
(𝑠)

, (12)

and for a non-positive social reward as,

𝑠𝑃𝑜𝐴(𝑠) ≈
𝑉𝝅𝑁𝐸

𝑅𝑠
(𝑠)

𝑉𝝅∗
𝑅𝑠
(𝑠)

. (13)

Note that our sPoA formulation requires an estimate of the worst Nash equilibrium for MG G. Since we simply assume
convergence to any Nash equilibrium for 𝝅𝑁𝐸 , we effectively approximate a lower bound on sPoA. Finally, in principle,
any MARL algorithm can be used for this process—one which gives better convergence guarantees and performance
will result in improved approximations of sPoA. Creating MARL algorithms that provide improved or guaranteed
convergence to certain Nash equilibria is an open area of research. We leave such study for future work.

2. Evaluating Policies
Once trained policies are available, their value functions with respect to 𝑅𝑠, 𝑉𝝅𝑁𝐸

𝑅𝑠
and 𝑉𝝅∗

𝑅𝑠
, have to be estimated.

We assume that the MARL task is episodic, where every episode terminates in a finite number of time steps, and use the
Monte Carlo (MC) policy evaluation method, where the value at each state is estimated by averaging sampled returns.
In this work, we limit ourselves to estimating sPoA for states that are in the support of the initial state distribution
to simplify computation requirements; that is, we consider the set of states S0 ··= {𝑠 ∈ S|𝑑0 (𝑠) > 0}. Algorithm 1
shows the pseudocode for MC policy evaluation. We refer the reader to [40] for more details. The number of episodes,
𝑀, is the only hyperparameter in this algorithm. Given a policy 𝜋, an upper bound on the absolute expected value
estimation error,

��E𝑠∼𝑑0

[
𝑉 𝜋
M (𝑠) −𝑉

𝜋
M (𝑠)

] ��, and a desired probability value, Hoeffding’s inequality [50] can be used to
compute the number of episodes required to guarantee that the error bound holds, with probability of at least the desired
probability value. After the value functions are obtained, we compute sPoA for each state 𝑠 ∈ S0 using Equation (12) or
Equation (13).

V. Experimental Results
In this section, we present results from simulated experiments implementing our proposed methodology. We focus

on investigating two main research questions:
1) Does incorporating explicit state dependence into PoA (via sPoA) lead to additional insights into self-interested

behavior as compared to a state-aggregated variant of PoA?
2) How can we investigate agent behavior to gain deeper insights into the underlying reasons for observed sPoA

trends?

A. UAV Firefighting Environment
All experiments are performed using a UAV firefighting environment that models the UAV firefighting case study

described in Section II. The adopted wildfire dynamics model was originally proposed in [51]. We adapt that model to
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Algorithm 1 MC Policy Evaluation
Input: Trained joint policy 𝜋, MMDPM, number of MC episodes 𝑀
Output: Estimate of value function 𝑉 𝜋

𝑅𝑠
(𝑠) for states 𝑠 ∈ S0

Initialize values array to store value for every initial state
for each state 𝑠1 in S0 do

Initialize data array to store episode returns
for episode = 1, 𝑀 do

Initialize episode return 𝐺 = 0
Reset the environment to state 𝑠1
Store agent observations (𝑜1,𝑖)𝑁𝑖=1
Initialize done flag to False
while not done do

Sample joint action from trained joint policy 𝑎𝑡 ∼ 𝜋((𝑜𝑡 ,𝑖)𝑁𝑖=1)
Execute joint action 𝑎𝑡 and observe reward 𝑟𝑡 , state 𝑠𝑡+1, agent observations (𝑜𝑡+1,𝑖)𝑁𝑖=1, and done flag
𝐺 ← 𝐺 + 𝛾𝑡−1𝑟𝑡
if done then

break
end if

end while
Append episode return 𝐺 to data array

end for
Store the estimate of value function at state 𝑠1 in values array, as the mean of elements in data array

end for
Return values

an MG framework in a similar manner to [32], but with slight modifications, as discussed below. The environment is
available on GitHub∗ and PyPI†.

1. State Space, Action Spaces, and the Initial State Distribution
The environment is an 𝑛 × 𝑛 grid-world representing a forest, where each cell contains a tree, with 𝑁 UAV agents.

Each tree can be in one of three states defined by 𝑠tree ∈ {0 (healthy), 1 (on fire), 2 (burnt)}. We model self-interested
behaviors by defining a rectangular selfish region 𝑆𝑅𝑖 of size 𝑙𝑖 × 𝑏𝑖 for each agent 𝑖 ∈ N . We assume 𝑙𝑖 and 𝑏𝑖 to be
odd-valued integers to ensure there exists a geometric center for each selfish region, which we denote by 𝑐𝑖 = (𝑐𝑖𝑥 , 𝑐𝑖𝑦).
However, our method would apply equally well to a problem with even-valued 𝑙𝑖 and 𝑏𝑖 . The agents can move on the
grid one cell at a time in either of the four cardinal directions or stay still. The action space for each agent is thus
A𝑖 = {0 (still), 1 (north), 2 (east), 3 (south), 4 (west)}, for all 𝑖 ∈ N . When located in the same cell as a tree on fire, the
agent automatically discharges fire retardant. The effect of fire retardant is incorporated into the system dynamics. The
agent movements are deterministic; for example, taking the ‘north’ action will always move the agent one cell upward
except when a wall or another agent is present.

The initial position of each agent 𝑖 ∈ N is the geometric center 𝑐𝑖 of its selfish region. The initial state contains
one initial fire region, modeled as a square region of size 𝑙 𝑓 𝑖𝑟𝑒 × 𝑙 𝑓 𝑖𝑟𝑒, where every tree in the region is in an ‘on
fire’ state. We assume 𝑙 𝑓 𝑖𝑟𝑒 to be an odd-valued integer to ensure that the initial fire has a central cell denoted by
𝑐 𝑓 𝑖𝑟𝑒 = (𝑐 𝑓 𝑖𝑟𝑒

𝑥 , 𝑐
𝑓 𝑖𝑟𝑒
𝑦 ). The set of selfish regions {𝑆𝑅𝑖}𝑖∈N and the width of the initial fire 𝑙 𝑓 𝑖𝑟𝑒 are fixed for a given

MG G. The initial state distribution 𝑑0 is thus defined by the initial fire location, which is selected uniformly at random
from all possible locations within the grid.

2. System Dynamics
At time step 𝑡, the environment is in a state 𝑠𝑡 characterized by tree states and agent positions, and each agent

chooses an action to move or remain still, after which the environment transitions to a new state 𝑠𝑡+1, based on the
∗Source code for gym-based multi-agent UAV firefighting environment: https://github.com/npnike10/wildfire-environment.
†Packaged version of the environment: https://pypi.org/project/wildfire-environment/.
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Table 1 Tree state transition probabilities in the UAV firefighting environment

𝑠tree 0 (healthy) 1 (on fire) 2 (burnt)

0 (healthy) (1 − 𝛼) 𝑓𝑡 (𝑥𝑖 ) 1 − (1 − 𝛼) 𝑓𝑡 (𝑥𝑖 ) 0

1 (on fire) 0 𝛽 −∑𝑁
𝑗=1 I𝑥𝑖 (𝑧

𝑗
𝑡 )Δ𝛽 1 − 𝛽 +∑𝑁

𝑗=1 I𝑥𝑖 (𝑧
𝑗
𝑡 )Δ𝛽

2 (burnt) 0 0 1

following wildfire dynamics. Let 𝑥𝑖 denote the position of tree 𝑖. If tree 𝑖 is in a ‘healthy’ state at time 𝑡, it transitions to
an ‘on fire’ state at time 𝑡 + 1 with probability,

𝑝01 (𝑥𝑖) = 1 − (1 − 𝛼) 𝑓𝑡 (𝑥𝑖 ) , (14)

where 𝑓𝑡 (𝑥𝑖) is the number of neighboring trees on fire at time 𝑡 and 𝛼 ∈ [0, 1] is a parameter which controls the rate of
fire spread (higher 𝛼 results in faster spread). A tree has up to four neighbors, the adjacent trees in the north, east, south,
and west directions. Let {𝑧 𝑗𝑡 }𝑁𝑗=1 denote the positions of the agents at time 𝑡. If tree 𝑖 is in an ‘on fire’ state at time 𝑡, it
transitions to a ‘burnt’ state at time 𝑡 + 1 with probability,

𝑝12 (𝑥𝑖 , {𝑧 𝑗𝑡 }𝑁𝑗=1) = 1 − 𝛽 +
𝑁∑︁
𝑗=1
I𝑥𝑖 (𝑧

𝑗
𝑡 )Δ𝛽, (15)

where I𝑥𝑖 (𝑧) is an indicator function (i.e., I𝑥𝑖 (𝑧) = 1 if 𝑧 = 𝑥𝑖 , else I𝑥𝑖 (𝑧) = 0), 𝛽 ∈ [0, 1] is a parameter which controls
the time length for which fire on a tree subsists (higher 𝛽 results in longer subsistence), and Δ𝛽 ∈ [0, 𝛽] is a parameter
which controls the strength of the fire retardant (higher Δ𝛽 results in higher retardant strength). Note that two agents
cannot occupy the same cell simultaneously, so at most one term in the summation in Equation (15) can be non-zero.
Table 1 shows all the tree state transition probabilities, with each value representing the probability of transitioning
from the state in corresponding row to the state in corresponding column. The goal for the agents is to move to cells
containing trees on fire so they can drop fire retardant and prevent further spread of the fire.

3. Reward Functions
The individual agent reward at each time step is such that an agent is penalized for every tree that transitions from

a ‘healthy’ to an ‘on fire’ state during the time interval between the previous and the current time step, with a higher
penalty for trees inside the agent’s selfish region. More formally, let 𝑛01,𝑡 (𝑠𝑡 , a𝑡 , 𝑠𝑡+1) be the total number of trees that
transition from a ‘healthy’ to an ‘on fire’ state between time step 𝑡 and 𝑡 + 1. Let 𝑛𝑆𝑅𝑖

01,𝑡 (𝑠𝑡 , a𝑡 , 𝑠𝑡+1) be the number of
such trees in selfish region, 𝑆𝑅𝑖 . Then, (𝑛01,𝑡 − 𝑛𝑆𝑅

𝑖

01,𝑡 ) is the number of such trees outside the selfish region, 𝑆𝑅𝑖 , and
the reward for agent 𝑖 at time is given by,

𝑅𝑖 (𝑠𝑡 , a𝑡 , 𝑠𝑡+1) = −0.5𝑛𝑆𝑅
𝑖

01,𝑡 − 0.1(𝑛01,𝑡 − 𝑛𝑆𝑅
𝑖

01,𝑡 ), 𝑡 ∈ {0, 1, 2, . . . }. (16)

The social reward is defined to ignore any preferences to selfish regions as follows,

𝑅𝑠 (𝑠𝑡 , a𝑡 , 𝑠𝑡+1) = −0.5𝑛01,𝑡 , 𝑡 ∈ {0, 1, 2, . . . }. (17)

4. Agent Observations
A natural state representation is one containing 𝑁 + 4 channels, one for each agent, one for each tree state, and one

for walls, with each channel consisting of a one-hot encoding of length 𝑛2. However, to improve learning [52], we give
each agent its own ego-centric and toroidal observation, analogous to those in [53]. Note that while each agent receives
a different observation, each observation contains enough information to maintain full observability of the environment
state. More specifically, we define an ego-centric observation by translating the grid such that the ego agent is always in
the top left corner of the observation. This observation is also toroidal, in that we wrap around the parts of the grid,
which would otherwise be cut off due to the above translation, to the other end of the grid. This process removes the
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(a) Actual view (b) Ego-centric toroidal view

Fig. 2 An example illustration of an ego-centric toroidal observation in the UAV firefighting environment.

need to maintain a channel for the ego agent, resulting in agents having observations with (𝑁 − 1) + 4 channels. Figure 2
shows an example illustration of an ego-centric toroidal observation in our environment. We refer the reader to the
supplementary material of [53] for more details. Finally, we append the value of the current time step at the end of each
agent’s observation vector. Given that we truncate episodes during training (as we discuss in the next subsection), the
addition of the time step to states (and observations) is necessary to preserve the Markov property of the MG or MMDP
we are training in.

B. Experimental Setup
Our experiments use a grid size of 15 × 15 with 𝑁 = 2 agents (unless otherwise noted), each having its own selfish

region. Each episode is truncated at 100 time steps or when the environment reaches a state that does not contain any
trees on fire, whichever is earlier. The initial fire is of size 3 × 3 cells. We consider five scenarios, each differing in
the location and/or size of the selfish regions or fire parameter values. Scenario 1 contains two selfish regions of size
3 × 3 on the same side of the map. Scenario 2 contains bigger selfish regions (of size 5 × 5) with the same central
cell locations. Scenario 3 contains two selfish regions of size 3 × 5 and 5 × 3 located on opposite sides of the map.
Scenarios 4 and 5 are the same as scenario 3, but with less effective fire retardant and more challenging fire parameters,
respectively. The fire parameter values for scenarios 1, 2, and 3 are 𝛼 = 0.15, 𝛽 = 0.9, and Δ𝛽 = 0.7. The fire retardant
parameter for scenario 4 is Δ𝛽 = 0.5 and the fire parameters for scenario 5 are 𝛼 = 0.17 and 𝛽 = 0.91.

We used the IPPO implementation provided in MARLlib [54] to train agents for all scenarios. Policy network
parameters are not shared among the MG agents, whereas they are shared among the MMDP agents. The length of each
training run is 20 million time steps. For reproducibility, we list the values of common IPPO hyperparameters used in
our experiments in Table 2. MC policy evaluation is done using 5000 episodes for each initial state. The code for all
computational experiments in this work is available on GitHub‡.

C. Experiment Visualizations and Analysis Metrics
We analyze sPoA trends using heatmaps to visualize sPoA for different initial states within a given scenario. Figure 3

shows an example heatmap for scenario 1, where the blowout on the right shows the initial state whose sPoA is
represented by the circled cell of the heatmap. The intensity of color at each cell of the heatmap represents sPoA for an
initial fire whose geometric center is located at that cell. The cells along the edges of the heatmap are white because they
do not represent valid initial states, since their corresponding initial fire regions would extend beyond the map boundary.

We also introduce a variant of sPoA, expected PoA (ePoA), that aggregates over states by taking an expectation over
the initial state distribution, following prior work [23, 24]. This metric serves as a baseline to compare sPoA with. Such
a comparison also helps us understand the significance of incorporating explicit state dependence. For a given social
objective function, the ePoA of an MG G is given by,

𝑒𝑃𝑜𝐴 = E𝑠∼𝑑0

[
𝑠𝑃𝑜𝐴(𝑠)

]
. (18)

‡Code for MARL training, policy evaluation, and computing agent metrics: will be available upon acceptance of the paper
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Table 2 Values of common IPPO hyperparameters used in our experiments

Hyperparameter Value

policy clip parameter (𝜖) 0.3

entropy coefficient 0.01

KL coefficient 0.2

GAE lambda 0.95

optimizer Adam

optimizer epsilon 1e-5

learning rate 0.0005

batch size 128

number of mini batches 1

epochs 10

value function clip parameter 20

value function coefficient 1

network core architecture mlp

number of fully connected (fc) layers 4

fc layer dimensions agent observation size - 256 - 256 - agent action space size

activation function Tanh

network initialization random (using standard normal distribution)

discount factor (𝛾) 0.99

Directly comparing sPoA with ePoA is difficult, since sPoA is a function of state and ePoA produces a scalar
value for a given scenario. We therefore calculate the difference between sPoA and ePoA for each initial state,
ΔPoA(𝑠) = |sPoA(𝑠) − ePoA| and present statistical summaries of ΔPoA(𝑠), like the expected value and standard
deviation. The expected value gives an idea of the overall difference between sPoA and ePoA and the standard deviation
gives an idea of the variation of this difference across states.

Finally, we propose a set of heuristic metrics to help understand the underlying reasons for observed sPoA trends.
For a given scenario, agent, and initial state, the metrics are as follows. All metrics lie in the range [0,1].

1) State visitation: We visualize state visitation as a heatmap, where the color intensity of each cell shows the
proportion of time steps an agent spent at that cell location during an episode.

2) Boundary attack (BA): Let 𝑑𝑀,𝑡 denote the Manhattan distance of the agent to the closest tree on the boundary
of the fire (i.e., the set of trees whose state is ‘on fire’ with at least one neighbor whose state is ‘healthy’) at time
𝑡. Let the one-step change in Manhattan distance, 𝑢𝑡 ∈ {0, 1}, be given by,

𝑢𝑡 =

{
1, if 𝑑𝑀,𝑡+1 − 𝑑𝑀,𝑡 < 0 or 𝑑𝑀,𝑡+1 = 𝑑𝑀,𝑡 = 0,
0, if 𝑑𝑀,𝑡+1 − 𝑑𝑀,𝑡 ≥ 0.

(19)

Then, the BA metric is the cumulative discounted sum of the one-step changes in Manhattan distance over an
episode, given by

𝐵𝐴 =
1 − 𝛾

1 − 𝛾𝐻

( 𝐻−1∑︁
𝑡=0

𝛾𝑡−1𝑢𝑡

)
, (20)

where 𝐻 is the episode horizon. A higher BA value indicates that the agent is moving closer to the fire boundary
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Fig. 3 A visual explanation for how to interpret an sPoA heatmap.

or if it is already on the fire boundary, then continuing to stay on it. This metric is motivated by the fact that an
effective real-life wildfire fighting strategy is to first attack the boundary to control the fire.

3) Distance between agents (𝑑agents): At each time step, the mean of the pairwise Manhattan distances between the
agent and every other agent is calculated. Then, 𝑑agents is the average of the preceding quantity over an episode.
The metric is normalized by dividing by 2(𝑛 − 1) for a grid of size 𝑛 × 𝑛. A higher 𝑑agents value indicates longer
inter-agent distances, averaged over all agent pairs, across an episode.

4) Distance from selfish region (𝑑SR): At each time step, the Manhattan distance between the agent and its selfish
region is calculated. Then, 𝑑SR is the average of the preceding quantity over an episode. The metric is normalized
by dividing by 2(𝑛 − 1) for a grid of size 𝑛 × 𝑛. A higher 𝑑SR value indicates longer distances between the agent
and its selfish region, on average, across an episode.

5) Time over fire (TOF): This metric is defined as the proportion of timesteps in an episode where the agent is
located over a tree on fire. A higher TOF value indicates more time spent over the fire by the agent.

6) Time over fire in selfish region (TOFSR): This metric is defined as the proportion of timesteps in an episode
where the agent is located over a tree on fire inside its selfish region. A higher TOFSR value indicates more time
spent over the fire inside its selfish region, by the agent.

D. Results

1. MARL Training and Policy Evaluation
As discussed in Section IV.B, we first train MARL agents in MG and MMDP settings to obtain joint policies, 𝝅𝑁𝐸

and 𝝅∗. The performance of MARL agents during training is typically evaluated using learning curves, which plot the
performance of the agent over the duration of training. A standard choice for measuring performance during training is
the episodic return, and is the metric we use to evaluate the training of agents in our experiments. Due to the reward
functions being different for the MG and MMDP agents, we cannot directly compare their training return curves, so, we
also record a secondary episodic performance metric that is the fraction of healthy trees among total trees at the end of
an episode. Let 𝐻 be the episode horizon and 𝑛0,𝐻 be the total number of healthy trees at time 𝐻. Then, the secondary
performance metric is given by 𝑛0,𝐻/𝑛2. Figure 4 shows the episodic return and secondary performance metric during
training for scenario 1. The plotted values are obtained by first computing a smoothed average of the metric over the last
100 completed episodes, and then averaging this quantity over three independent training runs, initialized with different
random seeds. The shaded region in the plots represents the standard deviation of the smoothed average of the metric
over the three independent training runs. The training return curves for MMDP Agent 0 and 1 are identical because they
have a shared reward. We see that the training curves converge, providing empirical support for the use of these agents
in our experiments. Note that while we show results for three independent training runs, we only use one agent of each
type for each scenario. We also see that MMDP agents perform better than MG agents with respect to the secondary
performance metric, as expected. We then perform MC policy evaluation to estimate 𝑉𝝅𝑁𝐸

𝑅𝑠
and 𝑉𝝅

𝑅𝑠
, which we use to

approximate sPoA following Equation (13).
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(a) Training returns for MG Agents (b) Training returns for MMDP Agents (c) Training performance metric

Fig. 4 Learning curves, averaged over three independent training runs, for the episodic return and performance
metric in scenario 1.

Fig. 5 sPoA heatmaps for five scenarios. Colored outlines represent selfish regions, and agents start at their
centers.

2. sPoA for Different Scenarios
Figure 5 shows sPoA heatmaps for the five scenarios mentioned in Section V.B. We highlight two important

takeaways in these results. First, for a given scenario, sPoA changes across initial states (i.e., initial fire locations),
suggesting that our method could be used to identify potential states where inefficiencies due to self-interested agents
are likely to be high. As discussed in Section II, such knowledge could be used to enable more efficient firefighting
during a wildfire or inform policy design or long-term resource allocation. Considering scenario 1, we see that initial
fires located between the two selfish regions have high predicted sPoA, suggesting that additional interventions may be
required if such a fire occurs. One possible explanation for this result is that the agents may be focused on preventing
these fires from spreading into their own regions and therefore not preventing the spread of the fire to the west, after
which the fire spreads broadly throughout the map.

Our second takeaway is that these sPoA trends change across scenarios, often in non-trivial or un-intuitive ways.
That is, the regions which produce high inefficiencies change as the scenario changes. For example, scenario 2, which
simply increases the size of the selfish regions relative to scenario 1, shows high sPoA within the selfish region of
Agent 1, rather than between the selfish regions. One possible explanation for this trend is that the larger selfish region
for Agent 0 requires it to prevent the westward spread of fires starting between the selfish regions, resulting in less
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Table 3 ePoA and expected value, standard deviation, and maximum value of ΔPoA for all scenarios

Scenario ePoA Expected ΔPoA Std. dev. ΔPoA Max. ΔPoA

1 1.22 0.1 0.16 0.85

2 1.18 0.085 0.15 0.99

3 1.11 0.035 0.05 0.45

4 1.47 0.12 0.18 1.55

5 1.3 0.13 0.15 0.61

inefficiencies. We also see changes to sPoA trends across scenarios 3, 4, and 5, which primarily change the fire retardant
and fire spread parameters. Some of these changes are more difficult to predict, such as that between scenarios 4 and 5,
where the region of high sPoA changes from the southwest corner of the map to the northeast. The magnitude of the
maximum predicted sPoA is also significantly higher for scenario 4 than in any of the other scenarios, potentially due to
the less effective fire retardant exacerbating performance gaps between self-interested and socially-optimal agents.

The heatmaps shown in Figure 5 partially answer our first research question, as they show that sPoA uncovers
different and often non-trivial trends in agent inefficiencies within and across scenarios. To fully answer our question,
Table 3 compares our aggregate baseline ePoA, which aggregates sPoA over states, with various statistics for ΔPoA,
which explicitly considers state dependence. The first observation here is that, for every scenario, the expection and
standard deviation of ΔPoA are small relative to ePoA (each is within 13% of ePoA). This suggests that sPoA is close
to ePoA for most states. The second observation, however, is that the maximum value of ΔPoA is significant in all
scenarios and can be as large as 105% of ePoA. This result suggests that, while sPoA is generally close to ePoA, there
are particular states where sPoA is significantly higher than ePoA. Being able to identify such states was the exact
motivation of this work. Hence, the key takeaway here is that sPoA, which incorporates explicit state dependence into
PoA, can give critical information about potential inefficiencies of self-interested agents at particular states that would
be hidden if using an aggregate variant, such as ePoA.

3. sPoA with Increasing Number of Agents
We also consider experiments with increasing number of agents and larger grid sizes. We specifically consider

scenarios with 𝑁 = 4 agents (two teams of two agents each), 𝑁 = 6 agents (three teams of two agents each), and 𝑁 = 8
agents (two teams of four agents each), with a grid size of 15 × 15 for the 𝑁 = 4 scenario and 20 × 20 for 𝑁 = 6, 8
scenarios. The fire spread parameter values are 𝛼 = 0.17 for 𝑁 = 4, 6 and 𝛼 = 0.19 for 𝑁 = 8, with all other parameters
values as defined in Section V.B. For each two agent team, agents start at the left and right adjacent cells to the center
cell of the team’s selfish region. For each four agent team, agents start at the four diagonally-adjacent cells to the center
cell of the team’s selfish region.

Figure 6 shows the sPoA heatmaps for these scenarios. We consistently observe that within each heatmap, the
highest inefficiency is for fires starting in and around the selfish regions. We also see that the highest inefficiency is in
the 𝑁 = 6 scenario, likely due to the presence of three separate teams of agents (other scenarios consider two teams of
agents), with the second highest inefficiency being in the 𝑁 = 8 scenario, likely due to the presence of more agents
within a team. This result suggests that increasing the number of teams within a scenario and the number of agents
within a team can significantly increase inefficiencies in a system, with the number of teams having a larger impact.

4. sPoA in a Windy Scenario
We also consider experiments with a wind model incorporated into the wildfire dynamics to understand how wind,

an important factor in real-world wildfires, might affect sPoA trends. We choose a spatially-varying deterministic wind
model, inspired by the fact that wind and terrain can strongly influence the spread of wildfires [55]. Our modeled wind
pattern, visualized in Figure 7a, consists of a predominantly eastward flowing wind, with a central region consisting
of westward flowing wind and the top and bottom edge of the grid consisting of northward flowing wind. Wind is
incorporated into our wildfire model by making the spread rate parameter, 𝛼(𝑥, 𝑣), vary spatially with each cell location
𝑥 and direction 𝑣. Let the wind direction at 𝑥 be denoted by wind field, 𝑊 (𝑥). Given a tree on fire at 𝑥 𝑗 , our model

14



Fig. 6 sPoA heatmaps for scenario 1 with 𝑁 = 4, 6, 8 agents.

(a) Chosen wind pattern (b) sPoA heatmap

Fig. 7 Results from adding a wind model to scenario 1. Gray outlines represent the boundaries where wind
direction shifts.

assumes that the fire spreads fastest in the downstream direction (i.e., 𝑊 (𝑥 𝑗 )), slower in the cross-wind direction (i.e.,
any direction orthogonal to 𝑊 (𝑥 𝑗 )), and slowest in the upstream direction (i.e., −𝑊 (𝑥 𝑗 )). We define these spread rates
through three variables, 𝛼upstream (the spread rate for fire in upstream wind direction), 𝛼cross-wind (the spread rate for fire
in directions orthogonal to the wind), and 𝛼downstream (the spread rate for fire in downstream wind direction), such that
𝛼downstream > 𝛼cross-wind > 𝛼upstream.

We then modify the system dynamics as follows. Let the location of neighboring trees of tree 𝑖 be denoted by
𝑓 𝑛𝑜𝑟𝑡ℎ𝑡 (𝑥𝑖), 𝑓 𝑠𝑜𝑢𝑡ℎ𝑡 (𝑥𝑖), 𝑓 𝑒𝑎𝑠𝑡𝑡 (𝑥𝑖), and 𝑓 𝑤𝑒𝑠𝑡

𝑡 (𝑥𝑖). Let 𝑥 𝑗 ,𝑖 denote the vector (direction) from 𝑥 𝑗 to 𝑥𝑖 . Then Equation (14)
is modified for wind as,

𝑝𝑤𝑖𝑛𝑑
01 (𝑥𝑖) = 1 − Π 𝑗∈{𝑛𝑜𝑟𝑡ℎ,𝑠𝑜𝑢𝑡ℎ,𝑒𝑎𝑠𝑡 ,𝑤𝑒𝑠𝑡 } (1 − 𝛼( 𝑓 𝑗𝑡 (𝑥𝑖), 𝑥 𝑓

𝑗
𝑡 (𝑥𝑖 ) ,𝑖

)), (21)

where 𝛼(𝑥, 𝑣) is given by,

𝛼(𝑥, 𝑣) =


𝛼downstream if ⟨𝑊 (𝑥), 𝑣⟩ = 1,
𝛼cross-wind if ⟨𝑊 (𝑥), 𝑣⟩ = 0,
𝛼upstream if ⟨𝑊 (𝑥), 𝑣⟩ = −1,

(22)

with ⟨𝑥, 𝑦⟩ denoting the dot product of vectors 𝑥 and 𝑦.
We test this wind model using scenario 1 with 𝛼downstream = 0.2, 𝛼cross-wind = 0.15, and 𝛼upstream = 0.1. All other

fire parameters are as in Section V.B. Figure 7b shows the sPoA heatmap for this windy scenario. We see that the
inefficiency found is highest for fires starting inside the lower selfish region, likely due to those fires tending to move
eastward, which increases the conflict between the objectives of MMDP and MG agents. We also see that inefficiency is
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Fig. 8 Expected ΔPoA with 1𝜎 error bars for varying levels of selfishness in scenario 1.

lowest for fires starting in the upper left quadrant of the grid, likely due to the westward winds of the central region,
which result in fires having a lower likelihood of spreading towards the selfish regions. Overall, we see that there is
a non-trivial change in the observed sPoA trends compared to scenario 1, due to the incorporation of a wind model,
further supporting the value of our metric.

5. sPoA for Different Amounts of Self-interest
We also explore the sPoA trends as the level of self-interest of the agents changes. We vary the level of self-interest

by modifying the reward function of MG agents, specifically, by altering their level of preference for protecting trees in
their own selfish regions, over the other trees in the forest. We achieve this by defining an altruism weight, 𝑤 ∈ [0, 1],
where lower 𝑤 results in higher selfishness. The MG rewards degenerate to the MMDP reward when 𝑤 = 1. The reward
for MG agent 𝑖 with altruism weight, 𝑤, is given by,

𝑅𝑖 (𝑠𝑡 , a𝑡 , 𝑠𝑡+1) = −0.5[𝑛𝑆𝑅𝑖

01,𝑡 + 𝑤(𝑛01,𝑡 − 𝑛𝑆𝑅
𝑖

01,𝑡 )], 𝑡 ∈ {0, 1, 2, . . .}. (23)

In all our experiments, we assume that the altruism weight for each MG agent is equal. The MG reward in Equation (16),
which was used to train the previously discussed MG agents, corresponds to 𝑤 = 0.2. Here, we additionally present
sPoA results with 𝑤 = 0, 0.4, 0.6, and 0.8 in scenario 1. Figure 8 shows the expected ΔPoA with 1𝜎 error bars. We see
that the expected ΔPoA decreases as altruism weight increases, which implies that as the level of self-interest in agents
decreases, sPoA moves closer to ePoA. Thus, sPoA can give additional insights over ePoA for systems with higher
levels of self-interest. But in systems with lower levels of self-interest, ePoA may be a better choice for analysis because
the use of sPoA incurs a higher computational cost, which may not be justified given that the differences between sPoA
and ePoA are likely to be small.

6. Investigating Underlying Causes for sPoA Trends
Finally, we answer our second research question by using our proposed analysis metrics to understand observed

sPoA trends, focusing on scenario 3. Figure 9 shows these metrics for scenario 3 at an initial state with low sPoA (cell
(7, 4)), while Figure 10 shows the same for an initial state with high sPoA (cell (13, 8)). All metrics are averaged over
500 episodes.

Beginning with state visitation maps, we first see that for the low sPoA state (Figure 9), MG agents show similar
visitation patterns to MMDP agents. For example, in both cases, both agents spend most of their time between their
respective selfish regions and the initial fire location. However, for the high sPoA state (Figure 10), Agent 1 shows
notably different behaviors between the MG and MMDP cases. More specifically, in the MG case, Agent 1 spends a
significant amount of time towards the northeast quadrant of the grid, while in the MMDP case, Agent 1 spends most of
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(a) Visitation Maps (b) Spider Charts

Fig. 9 Heuristic analysis metrics for an initial fire with low sPoA (i.e., low inefficiency due to self-interested
behavior) in scenario 3.

its time near its selfish region—this is a somewhat unintuitive result, as one would have expected MG Agent 1 to spend
most of its time near its selfish region. One potential reason for this result is that the selfishness of the MG agents leads
to inefficient fire containment which allows the fire to spread farther north than in the MMDP case, which then requires
MG Agent 1 to actually move north to prevent the fire from returning to its selfish region.

Next, we consider the remaining proposed analysis metrics, which we visualize in spider charts. First, we observe
that values for the boundary attack metric, BA, are higher for the MMDP agents than the MG agents for the low and high
sPoA states. Given that boundary attack quantifies the extent to which agents adopt a successful real-world firefighting
tactic, this was an expected result, since MMDP agents show better overall task performance. However, this trend is not
consistent across other states and scenarios, as there are some scenarios where MG agents possess higher boundary
attack values, despite having worse task performance than MMDP agents. Thus, while our boundary attack metric can
provide insight into how closely trained agents mimic a real-world firefighting tactic, it is not a reliable indicator for task
performance. This may be due to the agents learning a different, but successful, firefighting strategy.

Regarding the inter-agent distance metric, 𝑑agents, we see that MG agents have higher values than MMDP agents.
This result suggests that a scenario with high 𝑑agents may suggest a high level of self-interest within that set of agents.
For the distance from selfish region metric, 𝑑SR, we observe that it is typically higher for MMDP agents than MG
agents, except for the case of MG Agent 1 in the high sPoA state. This result may again be due to the inefficiency of MG
agents in this scenario, which leads to inefficient fire containment and allows the fire to spread farther north, which then
requires MG Agent 1 to leave its selfish region.

Finally, we observe that the MG agents and MMDP agents show insignificant differences in the time over fire
metric, TOF, again with the exception of MG Agent 1 in the high sPoA state, where its TOF metric is lower than for
MMDP Agent 1. The time over fire in selfish region metric, TOFSR, is close to zero except for the high sPoA state,
where both MG Agent 1 and MMDP Agent 1 show non-zero values with MG Agent 1 exhibiting a lower value. The
TOF and TOFSR results are in agreement with state visitation heatmaps and the 𝑑SR results, which all suggest that the
performance gap between MG and MMDP agents for the high sPoA state may be due to the selfish behaviors for MG
Agent 1. Overall, we see that these metrics can give interesting and often unintuitive insights into the underlying causes
for the observed sPoA trends, by, for example, helping to identify which agents are causing inefficiencies and serving as
indicators which can point to potential inefficiencies in the system.

E. Main Observations
Here we consolidate and summarize the main observations from our results for sPoA in different scenarios of the

wildfire environment. First, we observe that sPoA changes by non-trivial amounts across initial states within a scenario
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(a) Visitation Maps (b) Spider Charts

Fig. 10 Heuristic analysis metrics for an initial fire with high sPoA (i.e., high inefficiency due to self-interested
behavior) in scenario 3.

and this trend changes in un-intuitive ways across different scenarios. Such information can guide system-level decision
makers by identifying specific fires that may require additional interventions, as compared to other fires, due to high
inefficiencies from self-interested behaviors. Second, we find that sPoA provides additional insights as compared to a
state-aggregated alternative, ePoA, where it identifies critical states with high potential inefficiencies that would be
missed if simply considering ePoA. Third, we find that sPoA is particularly useful for analyzing systems with high
levels of self-interest in agents. For systems with low level of self-interest, ePoA may be a better choice due to its
lower computational requirements. Finally, we find that our set of heuristic metrics can identify individual agents that
disproportionately contribute to the overall inefficiency of the system, as well as serve as diagnostic tools to predict
inefficiency by observing agent behavior, when prior knowledge about the agent objectives is not available.

VI. Conclusion
This work addresses the problem of measuring the inefficiency, with respect to a social objective, of self-interested

behavior in multi-agent systems. Our key idea is to estimate this inefficiency using a state-dependent formulation of
price of anarchy, which we call sPoA. We propose a computational method for approximating sPoA using MARL.
We then demonstrate our method through extensive empirical results for a UAV firefighting case study. Our results
show that sPoA can drastically change as the initial state (initial fire location in our case study) changes within a
given scenario. Furthermore, these sPoA trends themselves also change as the scenario changes, thus highlighting the
benefit of incorporating explicit state-dependence into PoA. We also quantitatively show that that our sPoA metric
captures important insights into potential inefficiencies that would have been missed with a baseline ePoA metric that
aggregates over states. Finally, we show the potential of utilizing a proposed set of heuristic metrics for understanding
the underlying reasons behind observed sPoA trends.

Limitations of our work include the assumption of full observability, only computing sPoA over states lying in the
support of the initial state distribution, the computational cost of policy evaluation, and the assumption that our MARL
training converges to a Nash equilibrium.

Future directions include addressing these limitations, as well as considering other extensions like further analysis of
heuristic metric trends (e.g., discussions with subject matter experts), exploring overlapping regions of interest (which
could create interesting mixed-interest scenarios) and creating task-agnostic analysis metrics that can not only give
generalizable insights into sPoA trends but could also be leveraged during MARL training to promote cooperation.
Other directions include creating a systematic framework for designing a meaningful social objective function (which
we currently assume is given) and exploring an action-value function extension that allows one to analyze how specific
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actions (for a given state) affect system inefficiency. Finally, we also aim to better integrate our work with the existing
literature on wildfire response planning and higher fidelity wildfire models.
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